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We prove the following conjecture of L. Moser: Any convex region of area n can be placed 
so as to cover ~n+f(n) lattice points, where f(n)--,.**. 

1. Introduction 

In 1959 Leo Moser [6-] raised the following problem. 
" I t  is well known that any region A of  area x can be placed so as to cover 

_~x lattice points. Assume now that the region is convex. Can it be placed so as to 
cover ~_x+f(x)  lattice points, where f (x)- ,-~o as x-* co? 

There is no analogue for translates of  A: let Q be a square parallel to the 
coordinate axis with a r e a ( Q ) = n 2 - 1 ,  n is an integer; then for all xER 2, 
card (Q+x)~ZZ<=n2. '' (Card stands for cardinality.) This formulation of the ques- 
tion is cited from W. Moser's problem collection [7]. 

Our object is to give an affarmative answer to this question. 

Theorem 1.1. There is a universal function f ( x ) ,  f ( x ) ~ _ x  1/9 for  x~_co (co is a 
positive absolute constant) such that any convex region A can be placed on the plane 
so as to cover ~_x q- f (x)  lattice points, where x = a r e a  (,4). 

Remarks. The same proof gives that one can also place A so as to cover ~ _ x - f ( x )  
lattice points, where x = a r e a  (.4). 

The particular case A = circular disc was earlier solved by M. M. Skriganov 
[9] with f ( x ) = x  x/e-~ (note that Skriganov dealt with arbitrary lattices in R e, not 
just the usual square lattice Z2). He applied this "irregularity" type result to study 
the spectrum of the two-dimensional Schr6dinger operator with periodic potential 
function. 

In the proof we need a particular case of  the following very deep theorem 
of W. M. Schmidt [8] in Diophantine Approximation: Suppose Yl, Y2 . . . . .  Yh are 
real algebraic numbers such that 1, 3'1 . . . . .  Yh are linearly independent over the 
rationals, and suppose c > l .  There are only finitely many positive integers q with 

(1.1) qC. llyx" qll" Ily2 "qll...llyh "qll < 1 

(11411 stands for the distance from a real number ~ to the nearest integer). 

AMS subject classification: 10 J 25, 10 K 30 
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Unfortunately, one can at present not give an upper bound B= 
=B(yl ,Y2 . . . . .  Yh, c) for solutions q of (1.I). Hence, Sclmaidt's theorem is "in- 
effective". This is the reason that our threshold constant co is also "ineffective". 

A straightforward modification of the proof yields the sharper lower bound 
f(x)>-_x ~/8-~ for x>-_cole). We suspect that the true order of magnitude of f ( x )  
is about x ~/4. 

At present we are unable to generalize Theorem 1.1 in higher dimensions. 

2. Deduction of  Theorem 1.1 from Theorem 2.1 

For any compact and convex region B C l l  2, let F(B), r(B), d(B) and I(B) 
denote the boundary arc of B, the radius of the largest inscribed circle of B, the 
diameter of B and the perimeter of B, respectively. Let /z denote the usual area 
function (i.e., the two-dimensional Lebesgue measure). 

' 1  

In Theorem 1.1 we may assume that r(A)~- 9 .  Indeed, in the opposite 

case, using the following rough estimate (we shall prove it later) 

(2.1) d(A). r(.4) _~ 9 ~(A), 

we obtain that d(A)>-_21z(A), and A can be placed so as to cover _~d(.4)_->2/~(A) 
lattice points. 

The verification of (2.1) goes as follows. By a classical theorem of 
W. Blaschke [3] (see also L. Fejes T6th [4]) there is a triangle T c A  such that 

/z(T)->/l(A).-~-sin (equality holds only for the ellipse). Thus we have 

follows. 

For any bounded set N c R  ~ and x (R  2, let 

(2.2) g(S, x) = card (S + x) 0 Z 2, 

i.e., the number of lattice points covered by the translate S + x  of S. For any posi- 

tive real number eC (0, 1 ] ,  let 

1 ! 
(2.3) g(S, x, = f g(S. x + y) dy. 

[-~,02 

Notethat g ( S , x ,  l )=p (S) i fS i sLebesgue -measu rab leand! img(S ,x , e )=g(S ,x )  

if there is no lattice point on the boundary of S+x .  
Given any angle zC[0, 2re), let zS denote the rotated image of S c R  2. Let 

@~=[0, 1) 2. We state 

Theorem 2.1. There exist an "ineffective" absolute constant co and an "'effective" 
absolute constant c1>0 such that for any convex region A with p(A)>-co and 
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1 
r(A)~_ 9 ,  we have with so=(d(A)) -(111~176 

1 / "  f (g(xA, y, eo)-/~(A))2dy) dx _~ cx.(d(A)) 9'11~176 

First we derive Theorem 1.1 from Theorem 2.1. Suppose that i~(A)~-co 
and r(A)~_ 9 .  By Theorem 2.1 there exists ~*E[0, 2r0 such h a t  

(2.4) f (g(~*A, y, so) - p CA)) ' dy _~ c1" (dCA)) ''/1~176 

Now the simple idea is as follows. We first show that the q/2-periodie function 
g(z*A, y, so), yER ~ varies rather slowly, i.e. the ratio 

g('r* A, y, so)-g('r*A, z, So) 
ly-zl 

is not too large (note that this is the very reason for studying the auxiliary function 
g(z*A, y, so) instead of the original function g(z*A, y)). Using this property of 
g(x*A, y, so) we will be able to obtain a nontrivial one-sided bound from the L ~- 
norm estimate (2.4). 

For convencience write A*=z*A and q / (n , s )= [ - s , e )2+n ,  nEZ z. Our 
starting point is the following obvious identity 

1 
(2.5) g(A*, y, to) = ~ . ~ z "  • t~((A*+y)n~(n,  So)). 

From (2.5) it follows that for any pair y, zER s, 

(2.6) 
1 

gCA*, y, to) - g(A*, z, e0) -- ~ •*  (# ((a* + y) f~ q/(n, to)) - # ((A* + z) N oYCn, to))) 

where the summation ~ *  is taken over all nEZ 2 such that 

(2.7) ~(n,  s 0 ) n ( r ( A * + y ) U F ( A * + z ) )  # 0. 

We have for any ys ~, 

(2.8) card {nEZ~: q/(n, ,o) N /'(A* + y) ~ 0} < 4(d(A*)+ 1) = 4(d(A) + 1). 

Moreover, for any pair y, zs 2, 

(2.9) I/~((A* +y)N ~'(n, to ) ) -p( (a*  + z)Aq/(n, So))[ ~- 4to-lY-zl,  

where [y--zl=((yx--zOZ+ (yc~--gz)2) 11~ stands for the Euclidean distance of y and 
z. From (2.6)--(2.9) it follows that 

(2.10) Is(a*, y, to)-g(a*, z, to)l < 8(dG4) + l) ly-zl  
s0 
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By (2.5) we have that g(A*, y, ee), YE R~ is q/2-periodic and 

(2.11) fg(A*, y, ~o) dy = t~(A). 
~ t  

Let 

(2.12) h(y) = g(A*, y, eo)-p(A), yEq/2. 

Note that the function h(y), ycq/2 is continuous. Let 

Observe that 

M =  maxh(y) and - m  = min h(y). 
~ E ~  z ys 

(2.13) max card (A* + y) N Z2 = maxg(A*, y) _~ maxg(A*,y, eo)= p(A)+M. 
ys ~ y E ~  ~ yEad z 

By (2.11) and (2.12), M>-O>--rn, and by (2.4), M > O > - m .  Let rnk=2-(k-1).rn 
f 

(k=1 ,2 ,3  . . . .  ) (so mx=m) and /~k=/t{yE~2: _ink >h(y)~--mk}.  For later 
2 

purpose we mention here the following consequence of (2.11), 

mk 
(2.14) M E  f h ( y ) d y = - - f  h(y)dy_~ /~--~-.  

Y: y:  
hO)>o h(y)<o 

By (2.4) we have 

(2.15) + mE --> f hZ(Y) dy ~_ cx" (d(A)) 9711~176 
/<=1 ~t2 

:~. Cl 97/100 If M2_.--~(d(A)) , then we are immediately done. Indeed, by (2.13) 

we have 
t '  ..,. ~112 

max card (A* + y) f"l Z 2 _~ p(A) + I~ (d(A))~176 ~- ~(A) + ca. (p(A)) 07/4~176 'yE~2 

and Theorem 1.1 is "over-fulfilled" (throughout cl, c~, c3 . . . .  are "effective" positive 
absolute constants). Thus we may assume that (see (2.15)) 

Pk" m~ ~" cl - T "  (aCA)) 7/ oo. 

One can therefore find constants %_~0, k = l ,  2, 3, ... 

(2.16) Irk" mE ~-- o~k-~ (d(A)) 97/1~176 for all 

such that Z ~ k = l  and 
k = l  

k _ ~ l .  

From (2.10) it follows that the set {y~ R ~: - md2 >h(y) -~ - ink} contains a circular 
disc C(Q, e) of radius 

~0 " m k  

0 = ~k = 32(d(A)+ 1) 
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3 
and centre c=ek~R ~ such that h ( c ) = - - ~ m k .  

1 
have that O~<~- and therefore 

(2.17) 

Since mj,~_m<l(A)<4d(A), we 

m, } e~. m~, 
It, = It yE~2: ---~-- > h(y) ~---mk ~- Q~" rc ~_ ca. (d(A)) 2 . 

By (2.16) and (2.17) we obtain that Itk.mk_~max {a~, bk} where 

r 
~ ' T "  (d(A)),,/~oo eo ~. m~ 

ak = m, and b~ = ca" (a(A))----------v. 

Hence 

(2.18) It~ .m, _~ max {ak, b~} ~ (~bk) I/4 = ca" 4/3. ~,/" (d(A)) ~I14~176 

By (2.13), (2.14) and (2.18) we have 

y~'max (card (A* + y) N Z ~ -  It(A)) >_ M _~ ~k=x /~k 'mt  -~ 

1 . ,y~.(a(A))~,: ,0o(2:q,) ~ 1 -~ -2 c, _ ~ - c , .  4 :~ �9 (a(A))  "1~'~176 �9 ( :,~) = 

1 = ~- ~,. 4: ~. (a(A)),,/,oo. 

1 4 :  ~ (a(a) )  ~176176 c~. (it (A))~'J~~ ~ Since eo=(d(A)) -xll~176 we conclude that ~-c4. �9 

~_(#(A)) 11~ i fp(A) is sufficiently large. Theorem 1.1 follows. I 

3. Proof of Theorem 2.1--Part 1 

Throughout we require It(A) to be "sufficiently large" (i.e., bigger than 
a large absolute constant). Since d(A)_~(p(A)) 1/', it follows that d(A) is also "suffi- 
ciently large". Without loss of generality we can assume that the inscribed circle 
of A is centered at the origin 0~R ~. Let )C, denote the characteristic function of the 
(rotated) region zA, i.e., 

xr ~A. 

Let N=N(d(A))>-2 be a large integer depending only on the di- 
ameter of A (N wil l  be specified later). For notational convenience write [ 1 1; 
Q(N)= - N -  , N + ~  . L e t  /to denote the restriction of the usual area It to 

the square Q(N), i.e., Ito(S)=p(SfqQ(N))-area Sf'l - N -  , N +  , where 
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S is an arbitrary Lebesgue measurable set. We recall: q/(n, ,) = [--,, e): +n, 

For any ~ ( ( 0 , } ] ,  let2, denote the following measure: 

1 
= Z v(sNq/(n, ~)) 2,(S) 4s2. ez~nQ(t 0 

for all Lebesgue measurable sets S ~ R  ~. Note that Ra/s=/to. Let 

(3.1) e, . ,  = x,* (dR,-  d/~0) 

where �9 denotes the convolution operation. More explicitly, 

(3.2) F,.,(x)= f;c, fx-y)fdR, fy)-dpo(y))=R, fzA+x)-/zo(zA+x ). 
Ra 

Observe that 

nEZ ~. 

(3.3) F~,,(x)=g(zA, x , s ) - # ( A )  if z A + x c Q ( N )  and 

(3.4) F,,,(x) = 0 if z A + x  c RZ\Q(N).  

The basic idea of the proof is to utilize Fourier Analysis. We recall some 
facts from this theory. Given any FEL~(R2), the expression 

~(t) = 2~ R: e-ix't �9 F(x) dx 

defines the Fourier transform of F (note that i=l/-Z-] - and x.  t = x l .  tl +x2" t2 
is the usual inner product). It is well known tkat (F, GEL~(R~)). 

(3.5) F*  G = F- O ( ,  is the convolution operation) and 

(3.6) f IF(x)l ~dx = f IP(t)l~dt ('Planeherel iclentity). 
Re R 2 

Now by (3.1), (3.5) and (3.6) we have the following key formula 
2= 2~ 

(3.7) f f (F,.,(x))~dxdz = f f l:,..(t)rdtdz= 
0 Rt 0 R= 

2= 

= f ( f  is 2 dz). I(dX.- d/~0)(t)12dt. 
R t 0 

First we study the second factor in the right-hand side of (3.7). We have 
with t=(tx, t2), 

(~.-dPo)(O = ~ f e-~"d,~.(x)-~ f e-~'* dao(,,) = 
z~ ~ zrc R~ 

1 /V 1 n t+e  N 1 n=+. 

= 2~(~,, ~ f e-~x,',,dx,)(~ ~ f e-'*,",d~)- 
1 R1~8 2 ~ N  n Z ~ 6  
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" ~"e-",",~)( Z f e-''d~O 2nl ( --~-N.x_Us " * = -  .=-lls = 

1 ( ~ 2sin(5.fi) . ht N 2sin(5.t2) 
= ~ -  L, 2~' ~ = -  ~ : ~  . e  -a ~"~//3 ~',,=Z-N . . . .  25- t2 e - i ' ' / - ,  

- -  . e - i n x  . q  

.I=-N tx .s=_• t~. 

Thus we have 

1 [sin (~t_L):s_in (sty) 
2~ L s t , .  et~. 

1 [sin (sta) sin (et2) 
= ~ [  ~ 

(d~.,- dPo) (t) = 

�9 e-in~.t, 

2sin 2sin ~ e-i"~'") ( 2 e-i'"O = 
- ' t .  " ( . ,~  .,=_~ 

sin [~') sin (-~)] sin [ (N+I]  t l } t 1 2  t22 sin (~) 

We shall denote the distance from the real number ~ to the nearest integer 
by II~[J- Suppose that Ir It~i~r~, 2--~- -~ 4N+2 ~ _ ~ .  Let 

tl =nrk l l t1[ I ,  where his an integer. Using the trivial inequality 1 > sinx..> 2 

for I x l ~ ,  we get 

sin 
2~1J 

sin(  2N+X'l ll] 
sin( ll l] 

~ m  

--~ It  t 
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Therefore, 

sin{ ) sio( ) > N ~. 

Suppose further that Is-t,I ~ - 2 '  le. tz[ ~ -2  and N_~2. Then 

/,1) 
s in(e . t0  sin(a.t2) sin ~- sin 

�9 tx ~. ta tx t2 
2 2 

m ~  

sin (~6) sin [__~--1)]. ~ 

8tt ~__.x J 

sin(at2) > 
~t 2 

2 

2 4 N + 2  

2 
�9 ~ =  ~ 2 N ~ - 1  ~"  > . 

Summarizing, we conclude that 

(3.8) I(d~t- d/~o)(t)l = ce. N 2 whenever 

I t1-2nkl + I t s -  2nil ~- 
{1] 

for some integers k, IE I, -~- 
2 N +  1 

2~ 

Next we investigate the first factor f I~,(0l  * dr in the right-hand side of 
0 

(3.79. Using the trivial identities ~ , (0=2A(, - l t )  and ~A+,(t ')=e-it"' .~a(t '),  
v~R *, where Za and ZA+, denote the characteristic function of the given convex 
region A and its translate A + v ,  resp., we obtain that 

~ ~ 1 f I~§ ~dv) d~ (3.9) / ]~'(t)l~d~=/ (~-I,lax 
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where {v: Ivl_~l}={v=(vt, va): vi+v~_~l} is the unit disc. For any flE[0,2n), 
write e(fl)=(cos fl, sin fl). Let hA+,(13,y) be the Euclidean length of the chord 
{yEA+v: y.e(fl)=y}. We say that hA+,(fl, y), fiE[0, 2n), yER is the chord func- 
tion of A +v. Let s=s .  e(fl), s~R. We then have 

1 fe_i=.,dx__ 1 fe_~,  1 (3.10) ;~a+,(s) = 2-'~" ~ .ha+u x)dx  = ~--~Hp,u 
A + v  --oo 

where 
- - c o  

(3.11) 

" dz= t ' t l  f 12,(t)l' / ['~'l,,~-, 

z-b,,(s)= f e-~".ha+,(B,x)dx. Returning to (3.9), by (3.10) we have 

E=[  1 ] (integral part), and for all integers k, IEtl, El, write Now let 

T(k, l)={t=(t~, t~): Itt- 2rckl + l&- 2rdl ~- 2N + i } and P(k, i)= 2n . (k~ + P) tn. 
By (3.7), (3.8) and (3.11) we obtain that 

2~ 

(3.12) f f~,(x)dxd,_~ 
0 Rt 

E E 2*t 

_~ 2 2 f I(dI,-dp0)(t)P.(f 12,(t)pd0dt_~ 
k ~ l  I = I  T(k,l) 0 

E E 2~ 

k = l  1=1 T ( ,  koo" 
E E gz 

_~ e.. N'. Z Z f f f (~a.,(Itl)) ~dvdB dt _~ 
k ~ l  1=I  T(k,I) O ]v[~_l 

E E P(k,I)+I/N 2= 

k = l  I=1 P(k,I)--I/N Iv x 

Let M~.,=sup {xER: ha+,.ffl, x)>0} and Mh',,=inf {xER: ha+,(fl, x)>0}. 
Clearly Da=(M~-.v--M~, 0 is the length of the projection of A onto a straight line 
parallel to the unit vector e~). Since 

M~,v M~.v 

f o-,-,, h.+,ca, x) dx = f (cos Cxs)-i. sin (xs)). ha+,(a, x) d~, 
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we have 

(3.13) IHa.,fs)l_~ [ f cos(x~l.h.,+,(/1,,0dx[. 

It suffices to prove Theorem 2.1 for convex regions with analytic boundary 
are. Indeed, given any convex region A one can find an inscribed convex region 
A ' c A  such that F(A') is an analytic curve and #(A\A')~_I. Thus we can assume 
that F(A) is sufficiently smooth. We have 

M + 

u~., .ft"Sins(XS) 0hA+,(/1, x) dx, f cos (xs). hx+v(fl, x) dx = -  Ox 

and so by (3.13), 

(3.14) 
M + 

[I-Ip,,(s)l --> [M~.,[ ? ' "  sin (_XS)s . OhA+,([1, dx 

For later purpose we note that the partial derivative 

Oh ~ +, (/1, x )  

Ox 

is monotonically decreasing in the interval M~,,< x<M~.,. 

Let 8=e0=(d(A))-r Let t/E ( 1 0 0 } ' 0 '  1 The parameter ~/ will be spe- 

cified later as a sut~ciently small positive absolute constant. Let {~} denote the 
fractionalpart of the real number ~, i.e., ~=[~1+{~}. 

For any f1610,2r0, write V(fl)=V~(fl)={vER~: Iv[~-I and one can find 
positive integers k=k(fl, v), 1=1([3, v) such that 

1 1 
(3.15) i~'8-~uo ~- (k2+12)1/3 ~ ~'So" and furthermore, 

(3.16) II(k~+/~)l/2.M~,,ll ~ 3r/ and J7 ~- {(k~+lS)a/SM'~.v} ~- 2t/}. 

For any flE[O, 2r 0 and vEV(fl), let ko(fl, v) and /o(fl, v) denote integers 
k and I satisfying relations (3.15) and (3.16). Moreover, let mff (fl, v) and m + (fl, v) 
be integers satisfying 

(3.17) ](~(/1, v)+~(p, v)) *r*.M~,,-m~(/1, *)I ~- 3.,I and 

(3.18) ,i ~- (~o~(/1, v) + Po(/1, v))V~. ML,- m+ (/1, v) _~ 2,1. 
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Let P(k, l)=2n.(k~ +l~) tl' and P(ko, lo)=2n(k~(fl, v)+~(fl, v)) I/*. 
(3.12) and (3.14) we have 

Z~ 

(3.19) f f ~ , ( x )  dx dz _~ 
0 R z 

By 

B E l"(k,O+llN 2x 
~-- c3 " N2 " Z Z f f f H~.,(s) dv dfl ds ~_ 

k=Z t - -1  PCk, O--IIN 0 [v[_~1 

M + 
~ P(kodo)+*lN{Mf[,Vsin(x$ )  -c,'N3"f f f 

o V(a) P(ka, lo)--l/N 

OhA+,(fl, X) ds dv dfl. 
Ox 

In the rest of the proof we shall give a lower bound to the right-hand side 
of (3.19). 

Let //6[0, 2n) and vER ~, Ivl~_l be arbitrary but fixed. For notational con- 
venience, write M-=MT.v,  M + =M~.,, ko=ko(J3, v), lo=lo(fl, v), P(ko, 1o)= 
=2n(k~o(fl, v)+l~(fl, v)) *t~, -m~ =my(fl, v), m + =me+([3, v) and h(x)=ha+v([3, x). [ , 1] 
Let sE P(ko, lo) - - ~ ,  P(ko,/o)+~" �9 Then by (3.17) we have 

(3.20) Is. M -  -- 2nm~'l ~-- 

~-- Is. M -  - P(ko, 1o)" M-I  + [P(ko, to) M -  - 2nm~l ~_ IM~'I + 2n. 3,. 
i v  

Since the inscribed circle of A is centered at the origin 0ER', we have IM-I=IM~.,I= 
=ln~,0+e(fl) .  vI~d(A)+I .  Thus by (3.20), 

(3.21) Is. M -  - 2nm~l ~_ 6ml 4 d(A) § 1 N < 20, provided 

(3.22) N ~_ d(A)+ 1. 

Similarly, by (3.18), 

(3.23) 0 < 2 n r / - ,  ~_ s - M  + -2nm~" ~_ 4n,  + ,  < 14, provided (3.22) holds. 

Let 0 < ~ < 6  be real numbers with 

(3.24) 4Or/ 
- 2 0 .  

.Y 

(the exact values of 7 and 6 will be specified later). We define a partition [M-, M +] = 
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7 

- U 6  
J = l  

as follows. Let 

/1 = I1(3, v) = [ M - , M - + r )  

I, = 12(fl, v) = [M-+7,  M - + 6 )  

/8 = I.~(fl, v, s) = M - + , 5 ,  2re. 

I, = Ia(fl, v, s) = re. M -  + 6  
S ~ 8 

Is = Is(fl' v's) = [ M - + - ~  + h , 2 n ' ( m y  + l) s 

I6 = I6(fl' v" s) = [ 2n ' (mg + , 2 ~ . 7 ]  

~ ) n �9 

From (3.21), (3.23)and (3.24) it follows that 

(3.25) +�89 < M- + 3 mf s < " s -b~'7,  M - + f < 2 r ~ ,  +~ and 

(3.26) length (IO < 14q 

Note that /6  is well defined, since by (3.15), (3.17) and (3.18), m~" -m~" _~(k~+~l/~X 
1 

• (M + - M - )  - 5)/~ I--~'o" 2r (A) - 5q _~ (d(A)) 1/l~176 2 _  1 =~2 if/z (,4) is sufficiently 

large. By (3.19) we have 
2re 

(3.27) f f e~,o(~) dx d, _~ 
0 R �9 

~_c, .N' . f  f Ox dx d,d, dB. 
o v ~ )  P@o, lo)-llN fj 

Since the partial derivative 

Oh(x) = Oha+,.(fl, x) 
Ox Ox 
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is monotonically decreasing in the interval M - = M L , < x < M  + - M  + -- #.v, we have 

(3.28) f sin s(XS) ah(X)ax dx = ~:-~2 ~""+'~')f sins(xs) Oh(X)ox dx = 
le n=m~ +1 gn(n/s) 

= ~)x "Ox j dx ~_ O. 

Similarly, 

mg-x a,,((,+~t~)t,) sin (xs) 
z f ~ 

n=m~ +1 2n(nls) 

(3.29) 2 f sin (xs) Oh(x) dx = f sin (xs) 
1=a,5 zj $ O x  xa $ 

Let 
a, if a > O  

l a l+=  0, if a_~0  

Then by (3.27)--(3.29) we have 
2~ 

(3.30) 

~h(x) 
Ox Ox dx ~_ O. 

a, if a < 0  
and l a l - =  0, .if a ~ - 0 .  

~_ c~.m. f 
0 

f f F~,oCx) dx d~ _~ 
0 R 2 

f e(~o.~+~l,, (I ~., .~,fsin(xs) . Oh(x) ]+)z 
v~j e(ko.to~-t/N j=l S OX dx dsdvdfl. 

4. Proof of Theorem 2.1--Part 2 

The second part of the proof is based on the following two lemmas (we use 
the same notation as in Section 3). 

4.1. I f  ,,~,,~l'~>-q>=2"(d(A))-l~ and Iz(A) is larger than an "ineffective'" l.emma 

absolute constant, then p(V(fl))=It(V~(fl))~_rl uniformly for all fiE[0, 2n). 

The second one is a purely geometric Iemma. 
Given a convex region B, an angle fl~[0, 2n) and a real number y~_0, write 

fB(fl, Y) = hs+,(fl, M ~ , + y )  where 
(4.1) 

M~., = M~,,(B) = inf {xER: h~j+,([3,x) > 0}. 

Observe that the fight-hand side term in (4.1) is independent of the value of vrR 2. 

Lemma 4.2. There are ("effective") positive absolute constants ca, cxo and clx 
such that for any convex region B with r(B)~_cg, 

2~ 

Clo. d(B) ~_ f (fB(#, O) ~ d# ~_ q~. d(,). 
0 
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We postpone the proofs to Sections 5--7. 
Next we state three corollaries of Lemma 4.2. 

Lemma 4.2A. Let A be a convex region with r(A) >-1 I f  0<y~_ 1 the, 
�9 9 �9 C o 

qo .y.d(.4) _~ f (A(g  y))~ d~ _~ ql .y.,~(.4). 
0 

Proof. Let B = I A = ~ l x :  xCA . Then r (B)= .r(A)~_9.c,.g--ce. Thus by 
y t y  

2~ 

Lemma 4.2 we have clu.d(B)>= f (AO, 1))~dfl~ea'd(B) �9 Since d(B)=l .d(A)  
o 

1 1 , and fB(fl, )=~'f~(f l  Y), Lemma 4.2A follows. | 

Let f2(y)=f2(A,y)= {flE[O, 2zr): fA(fl, y)= max fa(fl, x)}. 
O ~ x ~ y  

>- I Cn 
Lemma4.2B. Let A be a convex region with (rA)=.~. If  O<y~_.18.ce.cz o, 
then 

1 (e13~ .y.d(.4). f (A (P, y))~dP _~ 7" q .  
a(.v) 

Proof, Let z = 2 .  c~o "Y. We have z~_2 e~o r = 1 Thus by 
cn cn 18- c9. Clo 9. c9 

Lemma 4.2A, 
2x 2n 

(4.2) f (fA(P, zl)'dp _~ r  = 2C~o.y .d(A) ~_ 2 f (f.(#,y))'dp. 
0 0 

We need the following two consequences of the convexity o f  A :  

(4.3) f,t(fl, z) ~-fa(fl, Y) for all pEO(y) = [0. 2n)\O(y) ,  

(4.4) fA(fl, Y) ~- Y fa(fl, z) for all fiE[O, 2n). 

Combining (4.2) and (4.3), we obtain that 
2~ 

(4.5) .~,f(A(#'z))~dP= of (/',alp, ~))~ d/~ - af(fA(P'z))'dP~-- 
2n 

~-- f (fa(fl, z))'dfl- f (fa(B,y))'dP~- 
0 tl(y) 

2~ g~r 2~ 

~- of ( fa(f l 'z))~df l-  o f ( f '~( f l 'Y) )2df l~-1/  (fa(fl, z))~dfl" 
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Now from (4.4), (4.5) and Lemma 4.2A it follows that 

: tT) " f  (f,,(8, =))' d# ~_ 
(~)~ 0 

_~ ~ .  �9 c1~. z .  a(.~) = u  C~o" 

This completes the proof of Lemma 4.2B. | 

Lemma 4.2C. Let A be a convex region with r(A)~_ . ]f 0<y_~rnin ' 9 ' c a  ' 

then 
2~ 

f (maxA(#, =))~ d# ~_ 4~,o.y. a(A). 
0 

Proof. We recall: D~=M~,,-M~,,. From the convexity of A it follows that for 

any real numbers O~_x~_y~_~_r(A), 

:A(#,y) > D , - r  ~ D p - r ( n ) ~  
f~ (# ,x ) -  9 # - x -  1)# - 

Thus, by Lemma 4.2A we conclude that 

2 

f (~ax fa(fl, x)) = d8 _~ f (2fa(fl, y)) = dr ~_ 4.c10.y .d(A), 
0 0 

and Lemma 4.2C follows. ! 

We return to Lemma 4.1. Since rf will be fixed as a small positive absolute 
constant, by Lemma 4.1 we have for all fiE[O, 2n), 

(4.6) rc ~_ l~(V(fl)) ~_ rl 

provided #(,4) is sufficiently large. 
We recall: the real parameter 6 satisfies inequality (3.24) (the exact 

value of 6 will be specified later). For j = l ,  2, 3 . . . .  , write Ql(6)=f2j(d, 6)= 
= {~Eft(A, 6): 21. t/>tt(V~))~_21-x �9 7}. By (4.6), we have 

(4.7) 0(6) = U fl1(6). 
1~ J~--ctt" Iog(lfl/) 
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- [ We recall(3.15) and (3.24): 0 < y < 5 < ~ - w h e r e  s( P(ko, Io) - 1 ,  P(ko, Io)+ 

+ X  ' P(ko, 1o)=2=. (ko'(fl, 9+lo~(~, v))v,, "1O~o 
= (d(A)) -On~176 Hence 

. {,_ ,. ,... } 
(4.8) 0 < ~ < 6 < ~ -  ~_ min ' 9- c~' 18. c~. Czo" 

provided/l(A) is sufficiently large. Thus by Lemma 4.2B, 

(4.9) f(/~(#, 5)) ~ dfl > 1 .  (Cll)e, 6. d(.~). 
nc~) - 4 C;o 

From (4.7)and (4.9)it follows that for some v~[l, c12.log (~-)], 

(4.10) f (~(fl~. ~))2dfl ~ (c11)'~ .i~ .d(..4). 
n~O, 4. Cl,. log (1 ) .  c10 

Now we return to (3.30). 
Let 

(4.11) Z• s s 
#,,(&) I"(11) P(kodd--llN kllI S 

: W +'" ' "~ 
and for j= I, 7 let 

P(k o, t o ) + 1 IN n" ) 2 
(4.13) Zj = f f f [fsin(x.s) Oh(x) 

ft,,(6) V(O)PCko, to)--alN It S OX d x  dsdvdfl. 

Using the elementary inequality (x, y real numbers) (Ix +y 1+)3 ~ 21__ (Ix] +)~ - 

-([y[-)~, we have (ax, a2, a4, a7 real numbers) 

(4;14) 1 
(la~ + az + a4 + aTI +)~ -~ ~- (ta~ + a,l +)3 _ (la: + a71-)3 _> 

1(~_ ) 
-~ ~- (la=l +)3_ (lad-)3 _ (lad + laTI) ~ -~ 

_~ 1 (ta, I + ) ' - 1  ( I , , , I - ) ' -  2(aO'-  2 (,,,)'. 
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Combining (3.30), (4.11)--(4.14) it follows that 
2~ 

(4.15) f f (F~.,o(X))~ dx dz _~ 
0 R t 

""~+'(I ~., :~,~ o~(x, i+), 
~_ cs . u" f f s Ox dx dsdvdp_~ 

12v(O ) V(#)  P(ko, lo) -- I /N  j =  1 ,7  1 

3/1 + 1 } _--> c a �9 N (~- Z. -- ~- Zi- -- 2Z, -- 2Z, . 

We are going to estimate the terms Z +, Zi-, ZI and ZT. First we give a lower 

bound to Z +. By (4.1) we have for any fief2(`5), Of A([I, x - - M - )  ~ x  ) Ox = ~--0 
whenever M -  <- x<=M - +`5, therefore, by (3.25), 

(4.16) [ : s i n ( x . s )  Oh(x) 1+ Mr+, sin(x.s) Oh(x) 
l s Ox dx = u-+r s Ox dx > 

sin( '"  2 ) 7 + ' O h ( X ) d x  1 u-+,~ Oh(x) dx ~ = 
---->'M- ( +,_~:~Mmin _+,~sin(x's))'TM_J+, -~X -- s M-+, Ox 

(h (M-  + 5 ) - h ( M -  Ty))  = 

Thus, by (4.11) and (4.16), 

(A (fi, `5) - A  (P, ~,) -~ o. 

(4.17) Z~ _~ 

Using (4.8) 

1 ~ 2 _~-x - y  

(4.18) 

[ ~}]~ 1,(ko,~)+liN sin [y. 
f f �9 (fA(fl, ,5)-fa(fl,  r))' dsdv dfl. 

[A,(,D v(#) P(k o, t o) - 1IN S 

and the trivial inequalities 
2 ( ~ )  

s in x _  - > - x  O~_x-< and 
7~ 

(x-y)'_-> 

(x=>O, y->O), by (4.17) we have 

(j "~ 
Z~+~_ . f f ( fA( f , `5) - fa( f l ,?) )2dsdvdf l  = 

fJ~O) v(.e) P(k e, to)--XIN 

{~}' = .( min p(V(fl))) .~-.(  f (fa(fl, 6) - fA( f l ,  y))2dfl)dsdv_ ~_ 
fA,(5) 

-- :o'<,mj.~o>,<'<',>>'-~'{�89 :<:.<','>>'"- : (:.<,.,>>,.}. 
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By (4.8) and Lemma 4.2A we have (provided #(A) is sufficiently large). 
2g  

(4.19) f (fa(fl, Y))e dfl ~_ f .(fz(fl; Y))~ dfl ~ clo" Y" d(A). 
a , , o )  o 

Suppose that 

(4.20) y _~ 6. 
16.c1~. log (~1.  (c10) ~ 

Then from (4.10), (4.18) and (4.19) it follows that 

z~ _~ N " n ) ' N  3. d(A) - cIo.~,, d(A) ,  
�9 c1~. �9 log Cio 

that is, by (4.20) we conclude that (provided ~(A) is sufficiently large) 

(4.21) Z~ + _~ c13.2 ~. t/ . y2.3. d(A) 

Next we give an upper bound to Zi-. By (3.25), 

Thus, by (4.1) and (4.12) we have 

"?'(1: I1 f f s i n ( x . s - g )  Oh(x) + z (4.22) Z~- 
~,,(~)V~IP(ko, to)-llN I .~ " OX dx dsdvdfl ~_ 

P(ko.to/+xlN 1 ~ 
[ maxsin(x.s-n)$l" = " [Oh(x)l+,/~) d s d v d / ~ - -  

st,,(,D )'(.8 ) P(k o, t o) - 1/N �9 1 

a~(,D v(a) Vfko, IQ)--l/N $ 

• (m~:,. ,> ,, ,... "ll ~'~'~'~ : :., .:..t"+'-W~) '' 
O,,(O)v(p) ( o, o)v / 

i I, ' If 
m g +  --  

• ("max ' fd(fl ,  Y ) ) - f a  ,27r. 2 .. M -  dsdvdf l  
('~s 1 , -M- - $ 

mg +-~ 
where I 4 - M - ' =  2re M - ,  +~ is the translate .of the interval /4. 

$ 
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I 

Let  u = 2 z c . - -  M -  and  0=--+6.  Clearly [u, v ) = I 4 - M - .  
$ 3' 

the convexity o f  A it follows tha t  m a x  f a  ~ ,  v u~y~v , y)<-u.fA(fl, u). Hence  

F r o m  

(4.23) (max A(/L y ) ) - A ( / L  u) ~_ v -  u 'A(# ,  u). 
u_y_v U 

We recall (3.21) and  (3.24): 

(4.24) ]M- ' 2rc" m~ 
207 407 ~ - 2 0 ~  

< and  < ~ < ~ < 
8 S S 

thus we have  

(4.25) v - u  = & + M _ _ 2 r t . m ~  < &+XOr/ < 26, 
,Y S 

(4.26) 
~ +  ~ 2Oft n 

u =  2 ~  _ M _  :=. / t  s = 7  s > ' ~ "  

and so by (4.25) and  (4.26), 

v - u  23 43 
(4.27) - - ~ - . 

2s s 

l" I I] 
wo reoa.: -- an, 80= 

=(d(a))-o,',oo~. Hence 

(4.28) 2eo -< 2re -~ 1 -~ -~ < ~_ 6% 
- -  s 1 - -  n 

580 +1 P(ko,to)+- E P(ko, to) N 58o 1 

Now, by (4.24), (4.26)--(4.28) we obta in  tha t  

v -  u , 4& 4& 23 
(4.29) ...... ~_ _ _  ~ = m and 

u ~-2~o e o .  

s 

(4.30) 2s--U<V= . ,6<~9eo. 
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From the convexity of A and relation (4.30) it follows that 

(4.31) ~o 9~o fA( f l ,  u) ~ "fa(fl, ~o) ~-- -~o  "f,t(fl, 8o) = 9 "fA(fl, ~o)- 

We return to (4.22). By (4.23), (4.25), (4.29) and (4.31) we have 

P(~o, ~ + 1/N 
(4.32) Zi- ~ f f ( ~ - u ) ~ . ( ( m ~  f.4(fl, y ) ) - f a ( f l ,  u ) ) Z d s d v d f l  ~ - u_y_v  

a~,(~) V(fl) P(ko, lo)- l/N 

"V'" .l"l' _~ f f (20' -(9.f.4(,6',~o))2dsdvdfl = 
f~v(6) V(O) P(ka, lo)--l/N \ ~0 I 

We recall: 

t~ 4 P(ko~o) q-I/N 
= c,,. w f f (fA(:,'o)l'd~a'd/~. 

~o a,(,D ~'~) P(ke, to)-l/N 

(4.33) tt(V(fl)) < T . t /  for all 

Ir 1 
Moreover, by (4.8) and (4.30), eo_-<-~ --< 9.C9 and so by Lemma 4.2A we have, 

2:t 

(4.34) f (A(t~, ~o))' d~ - f (A(/~, ~o)) ~ dp =< Cxo-~o. d(A), 
-~v O) o 

provided #(A) is sufficiently large.Therefore, by (4.32)--(4.34) we have 

64 2 
(4.35) Zi- ~- cx,---~-~ �9 (2". ~/) .--~-. f (fA(#, eo))' d# _~ 

64 ~ 2 �9 2" 64 d ( A )  
<= cu- e'T" (2 �9 ~l)" "~ ' "  clo" ~o" d ( A )  = c1~ "rl" eo N 

provided/~(A) is sufficiently large. 
Finally, we give upper bounds to Zj and ZT. By (4.24) we have 

max { sin ( x ' s ) )  2 _-< (sin (V "s+  20~/).}~ ( ~  y" s ~ 20t/ f _ 
M -  ~_;r + 7  S 

Hence by (4.13), 

(4.36) Z1 -~ : : (:,} .(._: 
f~ O) v~) P(k o, to}--I//v 
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We clearly have 

f i - -~- ' l  dx -- 
M -  

M f _~'-+'[Oh(x)l+dx- I Oxl ,,f-~"+' [--~l Oh(x) -~,, 
M-+~ Oh(x) + 

max h(x) = max fa(fl, Y) and 
M-~_x~_M- +~ O~_y~_~ 

M-+ ~ ,  

- f  
M -  

Oh(x) l-dx ~ 1  ~_ max h(x) = max fa(fl, Y). 
M- ~_x~_M- +7 0~7--~7 

Thus, returning to (4.36) we have 

(4.37) 

We recall: 

(4.38) 

P(k~ *)+1IN 3 2 

fa~ (6) vca) e(k o, t o) - tIN 

It(v(/~)) < 2".n for all ,aca,(,0. 

Moreover, by (4.8) we have 

1 -} provided ~(A) is sufficiently large. y < min r  .9.c,  

Hence Lemma 4.2C yields (provided It(A) is sufficiently large) 

(4.39) f (,max fa(fl, y))2 dfl ~_ f (omaX fa(fl, Y))' dfl ~_ 4. clo" ~" d(A). 

Therefore, by (4.37)--(4.38) we have (provided #(A) is sufficiently large) 

(4.40) 
2 (3 ~2 

Z1 ----- (2"'t/)---~-- t~Y j , f (2.ma&x_ fa(fl, y))Zd//_~ 

3 )2 3 d(A) 
< -  ( 2 " . , 0 . 2 .  T y "06.  Clo- ~,. a(.4)) = c1~. 2 , . , t .  ~, " - W - "  

-2zc 

Next, by (3.24) and (3.26) we 

m + (#, v) 14~/ 40~/ 
< < <y. Hence 

X $ $ 

have length(IT)=M+-2n m+ - M  + $ - -  # , v -  

(4.41) 
�9 2 
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Moreover, we clearly have 

(4.42) _fl~[dx,, = _,,f Oh(X)ox -dx +,,f[Oh(x)l+dxil Ox ] 

. 1 l O b ( x )  - 
( 4 . 4 3 )  - / 1 ~ 1  d x =  maxh(x)=  max fA([l+rc, y) and 

~,lOXl x(:l? O~y~y 

1Oh(/)l+ax (4.44) " [ f i--g-x, ~ x,,,max h(x)=  o_~,_~rmax fa(fl ~- z, y). 
-I 7 

Therefore, by (4.13), (4.41)--(4.44) we obtain that 

"~:f+'" f flah(x)l.,.l" (4.45) Z, _~ f f : d,d, dO 
a,,(O vo~Ie(k..O-11N : l'~ l ~ t - - )  

e (k  o , t o) + i iN  

~_ f f f ~'.(2mya~_ fA(ll+n,y)f dsdvdfl. 
n,, (a) vo~) e(k,, to) - 1 IN 

We recall: 

(4.46) p(V(B)) < 2".~/ for all BCI2~(3). 

{1 1 } provided/~(A) is sufficiently large. Moreover, by (4.8) we have 7<mm" ~ - ,  9. co 

Hence Lemma 4.2C yields (provided/z(A) is sufficiently large) 

2~_ 

(4.47) f (0m_~a~ A(fl+n,y))Zdfl ~- f (m~ A(a + =, y))' a# _-< 4.c,o.r.a(.4) 
0 , ~  ( a )  - - o - 

Therefore, by (4.45)--(4.47) we have (provided #(A) is sufficiently large) 

2 . 3,~ 
(4.48) Z7 ~- (2" ;q ) .~ -  f (2 max fa(/~+rr, y))Z dfl ~_ 

O-'~y~7 ~ ,  (~) 

_ (2". q).--~. ? ' .  (16. cto. ~. d(A)) = c,,. 2". rl. ~73. d(A)N 

Now we return to (4.!5). Fgom (3:22)~ (4.20), (4.21), (4.35), (4;40) and (4.48) 
it follows that 

(4.'9) f f(F~,co(x))'dxd~_cs.Nn(Izz+'Iz:-2Za-2ZT)~_ 
0 R= 

[ ca3 .3  '3" 5 cxn.  6~ 
~-- cs"N"d(A) 'T '~I t4mlog~)2.eo  2cle . ~s_ 2e17. ys) 
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ld(A) (Cll)" provided N =  > +---------~", y ~_ 

"ineffective" constant). 

16" c,~" log (1)  �9 (ct0) 2 
and /~(d)_~c~'s (c~s is an 

Let y=t/~ts.eo and 5=~/~t~.r 0 (we recall: 8o=(d(A))-o'a~176 A little cal- 
culation shows that if r/ is sufficiently small, say 0 ~=c19, then inequalities 
(3.24) and (4.20) are satisfied; and we also have, 

(4.50) c13 " Yu " ~ c15 " 84 2ca6 . y s _  2cm . ys ~_. 

_~ c~3"y~" ~ c ~  r/11/a (�88 8. log log 

Choosing ~/=c19, by (4.49) and (4.50) we obtain that 

(4.51) f f (F,.,o(X))' dx d~ _~ cs. m .  d(A). 2". ,~- �9 . (~o) 3 _~ 
o a ,  log 

_~ c,o. N ~. dCA). (CoY = C~o- N ~. (a(A)? 7/*~176 

provided #(A)_~c~s and N>=d(A)+~I= d ( A ) + l  Note that the hypothesis 
r/ cx9 

t/=c19_~2-(d(A)) -~~ of Lemma 4.1 is also satisfied if #(A)~_c2t. 
Now we are ready to complete the proof of Theorem 2.1. From formulas 

(2.2) and (2.3) immediately follows that Ig(zA, x, 8o)-I~(A)l~_(d(A)) 2. Therefore, 
c , 1 1  

by (3.3), (3.4) and (4.51) we have with M = [ N  + 2 - d ( A ) ]  (integralpart), 

(4.52) f f (g(~A,,,, ~0)-~(A))~d,,d~_~ 
o [--M,-~* 

~_ f f (F,.,,(x)ydxd~--~,.(N~a(~)).(a(,~))'~_ 
0 R" 

-~ ~o.  ~ .  (dCZ)F '1~176 ~, .  N. (d(~)?. 

Let N=cza. (d(A)) 5. If c2a is sufficiently large then N~_ d(A) + 1 = d(A) + 1 
q c~9 

and 

(4.53) c~o. N~. (dCA)F~- ~ -  N- (dCa))' _~ ~ ~  ~ .  (dCA))"' ~o~ 
2 
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By (4.52) and 

(4.54) 

4.53) we conclude that (we recall: q/2=[0, 1) 2) 

2~ 

(2M) ~. f f(g(zA, y, 8o) -p(A))2dydz  = 
0 q/2 

2~ 

= f f (g(~A,X, eo)-a(A)) "dxd~-> 
0 [ - - M , M ]  ~ 

>--2e~~ lV'. (a(A))o7/~oo >T'e~~ (2M)~. (a(Z))"7~ .0o. 

c2o Theorem Choosing e0=max {e~8, e21} and q =  1-]-~' 

from (4.54). It remains to prove Lemmas 4.1---4.2. 

2.1 immediately follows 

5. P r o o f  o f  L e m m a  4.1 

Let p~=5, p2 = 13, p3= 17 . . . . .  Ph be the first h=300 primes in the arithmetic 
progression 4 j + l ,  j =  1, 2, 3, .... By a well known theorem of A. S. Besicovitch 
[I] the real algebraic numbers 1, 1/~-~, 1/~-~, 1/~-8 . . . . .  1/p-h-h are linearly .4ndependent 
over the rationals. Thus we can apply Schmidt's theorem mentioned at the end of 
Section 1. Choosing c=2 ,  f rom (1.1) it follows that 

(5.1) 
1 

Ilq" ~ l l "  llq. ~ l l . . . [ [ q "  ~ ] l  ~ 7 

for all integers q>-qo. Note that qo is an "ineffective" threshold constant - -  we can 
suppose that qo is an integer. 

Let /~6 [0, 2n) be arbitrary but fixed. We shall show that there are integers 
k=k( f l )  and l=l(/~) subh that 

1 1 
(5.2) 10e----~ ~- (k2 + 12)1/2 - .J'% and llDp, (k ~ +/~)1/211 ~ q. 

(We recall: Dp=M~,,-M~,v.) 
that there exist positive integers 

1 
m such that 

10~o 1/ph 

From a classical theorem of  Dirichlet it follows 
1 1 1 

n o ~  , " ~ - - ,  n~<- - n2<= . . . . .  nh <- 
l w 0  10% Vpl 10e0 I/pT 

<5.3) llno D;I 10Go, II"l"O  V II 10 oV  . . . . .  [lnh.D~-l/~[[ ~ 10~01/~ 

Let n = m a x  {no, nl, n2 . . . . .  nh}. We are going to give a lower bound to n. Let 

no- Dt~ = n* -h 0 where n* is an integer ~/nd [0l -~ ! 0%. Since' no- D~_~ D~-> 2r (A) => 9 
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and eo=(d(A))-O/x~176 it follows that no. D#~- 2 >10~o if p(A) is sufficiently large. 

('1 Hence, n*_~l if ~(A) is sufficiently large. Let Q=n*. I[ni  "qo. We have 
i 

(1 <-j<-h) 
h 

Q. ~ = (,,o. e p - o ) . ( / / ~ , ) . q o .  Cg = 

= (,--~l n,).qo.(nj. D#. l/'~j)-O "(,=]~1 n,)"qo" I/Pj --, and so by (5.3),  

h h 

I IQ r ~ (,~",)'qo' I1", D,,  r + l~ (,=/~x n,).qo. ~ ~- 

e~j 

Hence 

(5.4) 

On the other hand, since 

~- c24" r?. qo" so. 

h 

//IIQ'~II ~ (c=, n~ qo ~o) ~= c=~r176 
j = l  

Q~-qo, by (5.1) and 5.4) we have 

(5.5) c., .  q~. n, ' .  (a(A)) -h:'~176 _~ 

Using the inequality d(A)=>2r(A)=> 9 2--, we have 

1 
Q~- 

h 

(5.6) Q <- (no.D#+ OI).(~nj) .qo ~- n h+x .qo.d(a)+ 10~o.n ~ "qo = 

= rP+l" qo" d(A) + 10. (d(A)) -x:~176 rP. qo ~- c,6. qo" nh+a" d(A). 

Combining (5.5) and (5.6) we obtain that 

(a(~))h-"~176176176 
(5.7) n h'+~h+2 ~-- c~7" qho+9. 

If p(A) is sufficiently large depending on the value of the threshold constant qo, 
then by (5.7) we have (noting that h=300) 

(5.8) n = max {no, nl . . . . .  nh} ~ (d(A)) '~ 

Let nj=n=max {no, na, ..., nh}. Then by (5.3) (let po= l )  

(5.9) [Inj. h,. ~ l l  ~- lOno 1/~. 
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Let 

t ~--- 

By (5.8) and (5.9) we have 

nj t/~'j j 
(integral part). 

( 5 . 1 0 )  ]lt.nj.1/~.Dpll~t.lOeol/~< 5~o . 

2 2 
. . . . .  = 2(d(A)) -~~ = < r/ 

ny n 

(in the last step we used the hypothesis of  Lemma 4.1). Moreover, using the upper 
I 

bound nj -< 10e01/p-f ' we have (l) 
1 580 1 1 

(5.11) 5~o >-- t . , , ~ r  > 1 , , j r  1 . . ~ , ,  . 

ny 1/-~j 5e0 108o 10eo 

Since the prime number pj  satisfies the congruence relation p j - I  (mod 4), by a 
classical theorem of Fermat we obtain the following representation ofp j :  

pj = a z + b e, a, b integers. 

Choosing k = t . n j ,  a and l= t . n . l . b ,  (5.2) follows from (5.10) and (5.11). 
Now we are ready to complete the proof of  Lemma 4.I. Let kl=kx(/~) and 

ix=lx(fl) denote integers satisfying (5.2). We have M ~ , = M ~ o + v . e ( f l )  where 
e(/~)=(cos ~, sin/~). Therefore, a little calculation gives that 

(5.12) /z{vER2: Ivl ~ I and 71 < Stk2• M + ~ < 2~/} > - -  U ,  1 r -  1 /  " # , v l  - -  t / .  

Since Da=ML ~ -rML~ ,  f r o m  (5.2) it follows that 

(5.13) {v6R2: Ivl ~_ 1 and n <= {(k~+~)~/Z.M~,,} =< 2t/} = 

2 1 / 2  + = {v6R~: Iv ! _~ 1, ff _<- {(kx+~) .M~,,} ~_ 2~/ and 

II(k~ + ~)~t2-M~.,I1 -~ 3~} _= V(#). 

Lemma 4.1 immediately follows from (5.12) and (5.13). l 

It remains to prove Lemma 4.2. The forthcoming Part  II of  this paper will 
contain the long and technical proof of Lemma 4.2. 
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