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We prove the following conjecture of L. Moser: Any convex region of area n can be placed
so as to cover =n-+/(n) lattice points, where f(n) <.

1. Introduction

In 1959 Leo Moser [6] raised the following problem.

“It is well known that any region A of area x can be placed so as to cover
=x lattice points. Assume now that the region is convex. Can it be placed so as to
cover =x-+f(x) lattice points, where f(x)—~c as x—co?

There is no analogue for translates of A: let Q be a square parallel to the
coordinate axis with area (Q)=n*—1, n is aninteger; then for all x¢RE,
card (Q+x)NZ%=n%" (Card stands for cardinality.) This formulation of the ques-
tion is cited from W. Moser’s problem collection [7].

Our object is to give an affirmative answer to this question.

Theorem 1.1, There is a universal function f(x), f(x)=x® for x=c, (¢, is a
positive absolute constant) such that any convex region A can be placed on the plane
so as to cover =x+f(x) lattice points, where x=area (A).

Remarks. The same proof gives that one can also place 4 so as to cover =x—f(x)
lattice points, where x=area (A4).

The particular case A=circular disc was earlier solved by M. M. Skrlganov
[9] with f(x)=x"*~* (note that Skriganov dealt with arbltrary lattices in R?, not
just the usual square lattice Z?). He applied this “‘irregularity” type result to study
}he spectrum of the two-dimensional Schrédinger operator with periodic potential

unction.

In the proof we need a particular case of the following very deep theorem
of W. M. Schmidt [8] in Diophantine Approximation: Suppose yy, ¥s, ..., Vi are
real algebraic numbers such that 1,y,,...,y, are linearly independent over the
rationals, and suppose c¢>1. There are only finitely many positive integers ¢ with

(LD g Iy-gll-lyz-qll-..lys-qll < 1
(1€l stands for the distance from a real number £ to the nearest integer).

AMS subject classification: 10 J 25, 10 K 30
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Unfortunately, one can at present not give an upper bound B=
=B(¥1, ¥Ys» -..» ¥, ¢) for solutions g of (1.1). Hence, Schmidt’s theorem is “in-
effective”. This is the reason that our threshold constant ¢, is also “‘ineffective”.

A straightforward modification of the proof yields the sharper lower bound
F(x)=x8-% for x=c,(e). We suspect that the true order of magnitude of f(x)
is about x'/4,

At present we are unable to generalize Theorem 1.1 in higher dimensions.

2. Deduction of Theorem 1.1 from Theorem 2.1

For any compact and convex region BCR?, let I'(B), r(B), d(B) and /(B)
denote the boundary arc of B, the radius of the largest inscribed circle of B, the
diameter of B and the perimeter of B, respectively. Let p denote the usual area
function (i.e., the two-dimensional Lebesgue measure).

In Theorem 1.1 we may assume that r(A)%—;-. Indeed, in the opposite
case, using the following rough estimate (we shall prove it later)

@.1) d() r(4) = 3 ()

we obtain that d(4)=2u(4), and A can be placed so as to cover =d(A)=2u(A4)
lattice points.

The verification of (2.1) goes as follows. By a classical theorem of
W. Blaschke [3] (see also L. Fejes Téth [4]) there is a triangle TCA such that

u(T)=u(4) -%—Sin (23—”] (equality holds only for the ellipse). Thus we have

3d(A) - F(A) = 1(T) - F(T)=20(T) = 2u(A) - % sin (_235] >§,.¢(A), and (2.1) follows,
For any bounded set SCR? and x€R?, let ‘
2.2 g(S, x) = card (S+x)NZ?2,

i.e., the number of lattice points covered by the translate S+x of .S. For any posi-

tive real number &€ [O, —;—], let
1 3
23) s.x0 =g [ sE-x+dy.
Note that g (S, X, %} =u(S) if S'is Lebesgue-measurable and lin'r)l 2(S, x, &)=g(S, x)

if there is no lattice point on the boundary of §+x.
Given any angle €[0, 2n), let =S8 denote the rotated image of SCR2 Let
%%=[0, 1)%. We state ‘

Theorem 2.1. There exist an “‘ineffective” absolute constant c, and an ‘“‘effective”
absolute constant ¢y>0 such that for any convex region A with u(A)=c, and
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r(A)z , we have with g,=(d(4))~ 1,

-:?!E fn ( f(g(tA, Y, &) — p(A)F dy) dr = ¢y - (d(A)*".
0 L8]

First we derive Theorem 1.1 from Theorem 2.1. Suppose that u(d)=c,
and r(4)=—. By Theorem 2.1 there exists t*¢[0, 27) such that

2.4) f (g(1*4,y, &) —u(A))? dy = ¢, - (d(A))1.
P

Now the simple idea is as follows. We first show that the %2-periodic function
g(t*4,y, &), YER? varies rather slowly, i.e. the ratio

g(I*Aa Y, 80) —g(T*A’ Z, 80)
ly—z|

is not too large (note that this is the very reason for studying the auxiliary function

g(t*4,y, &) instead of the original function g(z*4,y)). Using this property of
g(t*4,y, &) we will be able to obtain a nontrivial one-sided bound from the L*
norm estimate (2.4).

For convencience write A*=7*4 and %(m,s&)=[—=¢, &)2+n, ncZ2 Our

starting point is the following obvious identity

1
(2.5) g%y, &) = o5 2 u((4*+y)N%(@m, &)).
460 nezz
From (2.5) it follows that for any pair y, z€R?,
(2.6)

8L Y, )= g(4" 2,80 = iz (A" N, ) ~ WA+ 2) U0, )
where the summation 3* is taken over all n€Z? such that
27 U, 8) N (I (4*+») UT(4* +2)) = 0.
We have for any ycR?,
(2.8) card {n€Z?: %(n, e)) NI (A*+y) = 0} < 4(d(4") +1) = 4(d(4) +1).
Moreover, for any pair y, z€R?,
@9 |a(A* DN U@, 5) 1A +2) N2 (0, )] = 420+ Iy 2,

where [y—z|=((1—2)*+(12—2 )?)!/* stands for the Euclidean distance of y and
z. From (2.6)—(2.9) it follows that

(2.10) lg(4, Y, &) —g(4*, 2, &)| <

8(d(D+1ly—2
£
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By (2.5) we have that g(4*,y, &), yER? is #*-periodic and

2.11) f g(4*,y, &) dy = pu(A).
Let N
(2'12) h(y) = g(A*s Y, 80)_#(‘4): YE”?IZ-

Note that the function A(y), yc%? is continuous. Let
M= max h(y) and —-m= ’,’Z%h(y)'
Observe that
(2.13) max card (4*+y) 1 2° = maxg(4*, y) = maxg(4",y, &) = u(4)+ M.

By (2.11) and (2.12), M=0=—m, and by (24), M>0>—m. Let m,=2"¢"D.m

Lnj"—>h = -—m,,} . For later

purpose we mention here the following consequence of (2.11),

(k=1,2,3,...) (so my=m) and uk=u{ye%2: -

2.14) M= [ kdy== [ hpdy= w7
i(:y)>0 i(:y)<0 B
By (2.4) we have
(2.15) Mit Spomiz= th(y') dy = ¢, - (d(A))97/1°°.
k=1 @z

If Wé%(d(A))”/m“, then we are immediately done. Indeed, by (2.13)
we have '

1/2
max card (4" + )N 202 () + (2 (@AY™) = () + - (uC)%,

and Theorem 1.1 is “over-fulfilled” (throughout ¢,, ¢,, ¢;, ... are “effective” positive
absolute constants). Thus we may assume that (see (2.15))

5 emt = S (d(ayene,
k=1 2
One can therefore find constants o, =0, k=1,2,3,... such that S’a,,:l and
k=1
(2.16) Womi = tx,‘—czl (d(yyrme for all k= 1.
From (2.10) it follows that the set {YER?*: —m,/2>h(y)=—m,} contains a circular
disc C(p, ¢) of radius

&g e My,

¢= &= nE@+1)
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and centre ¢=c¢,¢R? such that h(c)= —%m,‘. Since m,=m<I[(A)<4d(4), we

have that Q,‘<-;— and therefore

— a, Mk _ 2 o - i
@1 m=afeat o b =-mf=dns T
By (2.16) and (2.17) we obtain that y,-m,=max {a,, b} where
- - (@ 4t
a = and bk = Ca'——o_i".
x my (d(o‘i))2

Hence
(2.18) Uy 1y = max {a,, b} = (@b = cq- &% ot - (d(A))H.
By (2.13), (2.14) and (2.18) we have

max (card (A*+)NZ*—pd)) =M = -;—kg' Yooty =

= %_ ey 8% (d( A))wm(,;; o) = -%-04 EENCIT)) (kZ”; o) =

= _;_ co 882 - (d(A))H,

Since &,=(d(4))~"®, we conclude that %c,,-53/2-(d(A))°f/4°°505-(p (AP =
=(u(A)M® if p(4) is sufficiently large. Theorem 1.1 follows. |

3. Proof of Theorem 2.1—Part 1

Throughout we require u(4) to be “sufficiently large” (i.e., bigger than
a large absolute constant). Since d(A)a(y (D)2, it follows that d(4) is also “‘suffi-
ciently large”. Without loss of generality we can assume that the inscribed circle
of A4 is centered at the origin 0¢R2, Let x, denote the characteristic function of the
(rotated) region 74, i.e.,
1, if x€t4
X:(X) = {0 if x¢z4.

Let N=N(d(4))=2 be a large integer depending only on the di-
ameter of 4 (N will -be specified later). For notational convenience write

o(N)= [— 5 N+ ] ‘Let u, denote the restriction of the usual area u to

the square Q(N), i.e., p(S)=p(SNQN))=area (Sﬂ[-—N——z—, N+-;—]2] , where
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S is an arbltrary Lebesgue measurable set. We recall: %(n, &)=[—¢, £)*+n, ne Z2
For any sE[ ] let A, denote the following measure:

4.(5) = 48 Q(N) #(Sﬂq’(ﬂ 8))

for all Lebesgue measurable sets ScR® Note that Ays=p,. Let

G.D Fe e = xo%(dA,—dpo)

where * denotes the convolution operation. More explicitly,

(32  F.®= [x&x-¥)0AE)—du)) =2.G4+%) —p(td +X).
Observe that *

(3.3) F, . (x)=g(t4,x,8)—pu(4) if t4+xc Q(N) and
(3.4 F,(x)=0 if z4+xcRXNO(N).

The basic idea of the proof is to utilize Fourier Analysis. We recall some
facts from this theory. Given any F¢L2(R?), the expression

Ft) = 21—an e—ixt. F(x) dx

defines the Fourier transform of F (note that i=}—1 and x-t=x;:f4x;-1,
is the usual inner product). It is well known that (F, GEL*(R?)).

NN “ . . .
3.5) FxG = F-G (= is the convolution operation) and
(3.6) JIF®Pdx = [|F@®Pdt (Plancherel identity).
R® Re

Now by (3.1), (3.5) and (3.6) we have the following key formula

@ [ [Eawpasde= [ [180F =

2r
= [([ 1%@®dr)-|d1,—dp)(B)dt.
Rt o
First we study the second factor in the right-hand side of (3.7). We have
With t=(t1a t2)s
" 1 . 1 .
— — —ix-t ——— —ix-t -
(A2~ dfo)(®) = - R[ emixtdl, (x) - R[ et dpy ()

nyt+e nyte

=-2—1— 2)\:’ :21_ f e—ix: t;dxl)( 2 f e_ixi"idxz)—

1= n,—z
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1 Ny mil2 i fy+1/2
—_—— —1x,+1, —ix. oty . -
2n ("1=2‘N m!/ ‘ ldxl) (n,_z—’Nn _-{‘/2 e dxz)

=_1_( Z"’, 2Sin(8'11).e—inlutl)( ZN. 2Si"(s"2).e—in,.r,]___
.

27 =—N 2£'t1 ny=—N 26'12
y 28in (%‘—) y 2sin [’72]
- 3 ——=.e"imy S ——Cl.emimty
ny=—N L ng=—N s
Thus we have

(a2,—dp) () =

t 12)
_ _1_ sin (gt,) - sin (et,) —2sm ( 2 ] 2sin [ 2

. (,I =Z'IiN e—inl-tl) (n aZI:"-N e_in’.tg) -

27: SI]_ . 812 tl * t2
in(§)sin (3] o [+ 3) o) sin[(v+3)
Y sin (zt,) sin (atz)-sm ( 5 )sin |5 | sin N+ 3 n] sinj{N+ 5 ty
T 2n ety ety bt ty . (I_,) . (l_z) ’
) sin {5 sin |3
We shall denote the distance from the real number £ to the nearest integer
= = tl l t2 I
by lI€]l. Suppose that |4|==, |t =7, > §4N+2 and ||— 4N+2 Let
?zt-;c—=ni —2’711_— , where n.is an integer. Using the trivial inequahty 1= sin x E%

for ]xlg—g—, we get

sin [(N+ 1] ] _ sin [(N+%—]27z (nj; %{
B : )

sin[ .

).
i)

in (- il) B [ __“] =
sin (n n+tn 21r!i sin 57
T(2N+ 1)” Il T
=2 =2 3(2N+ 1) >
7 sm[nl—t—] T LS n
27 2
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sin [(N+%) t1] sin ((N—i— %] t2]

Therefore,

> N2,

Suppose further that Ia-t,l.s_g-, Ie-tzlé—;— and N=2. Then

' =
£ tl e ta .l. E
2
sin(et;) sm sm (stz)
&y &ty
sin (n' -2-“) sin
2 I2r 2 2 4N +2 2
z|l=-———r—— sz ==
T 51_ T T L T
2 2
7
2 4N+2] 2 (2 1 ) 2 1
= |— —_——=— —_ s —,
B n n n 2N+1) = 10
2
Summarizing, we conclude that
(3.8) [(dA,— dp)(®)! = c5+ N*  whenever
. 1
|ty —27k| + |ty — 2zl = NI N i for some integers k, I€ [l, -5—8]

2z
Next we investigate the first factor f 12:(O12dr in the right-hand side of

[
(3.7). Using the trivial identities £,()=2,(z"1) and Rirv(t)=e=v. (1),
vER? where y, and y4.y denote the characteristic function of the given convex
region 4 and its translate 4+v, resp., we obtain that

(39) [ inorde= (L [ i aropar)e

0 Jvl=1
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where {v: [v|=1}={v=(vy, v,): vi+vi=1} is the unit disc. For any B¢[0,2n),
write e(f)=(cos B, sin f). Let h,.,(8,y) be the Euclidean length of the chord

{yeA+v: y-e(f)=y}. We say that h,..(B,»), PE[0,2r), y€R is the chord func-
tion of A+v Let s=s.e(B), scR. We then have

— __1__ . —ix-8 — i, r —~ixs, — _1_
G10) Zan( =5 [ e-ixsdx = 2n,_£ ™ asy(B. x) dx = - Hy, (5)

where Hp,,(s)= f e~ ™. h,.. (B, x)dx. Returning to (3.9), by (3.10) we have

G.11)

2x 2x

- z 1 ~14)12 2
J liord= f [—n-hélmm(r OfF dv) de = I & )2 [ @y avap.

Now let E=[—51;] (integral part), and for all integers k, l€[l, E], write

T D={t=(s, ): =20kl +lg—20ll= 77} and PGk, D=2n. (5422
By (3.7), (3.8) and (3.11) we obtain that

2r
(3.12) [ [R.®dxd=
Re

0

=33 [ @h—dp)OF-([ 120Fd)dt=

k=11=1 Tk, D)

2
=N 3 3 [ [ [n@Pdrde=

k=11l=1 T(k Do

= c,-N"'-ZE' ZE’ f f [ (Hy, (th)*dvapdt =

k==1l1=1 T, 1) 0 lvlsl

E P(D41UN 2z

gcs.m.fz [ f'H,z,_v(s)dvdpds.

k=11=1 p,)—-1/N 0 |vj=1

Let M;y—sup {x€R: hy..(B, x)>0} and Mj, =inf {x€R: hy4,(B, x)>0}.
Clearly Dy=(M},,~Mj,,) is the length of the projection of 4 onto a straight line
parallel to the umt vector e(f). Since

Hy,o(s) = f Te it by (B 2 dx = f " (c0s (x5) —i-5in (35)) g (B, )
ﬂ v ﬂ v
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we have
M"'

(3.13) IHp.,(s)lzl f cos (x5) + h4,(B, x) dx]
ﬂv

It suffices to prove Theorem 2.1 for convex regions with analytic boundary
arc. Indeed, given any convex region 4 one can find an inscribed convex region
A’c A such that I'(4’) is an analytic curve and u(AN\A")=1. Thus we can assume
that I'(4) is sufficiently smooth. We have

Mt
Brv My,
[ cos(x8) - hyus(B, x) dx =— f sin §x8) 3h4+5£ﬁ, %) dx,
My, vy
and so by (3.13),
+
(3.13) H, ()] = f sm(xs) 8hA+a,£ﬁ x)d
ﬂ v

For later purpose we note that the partial derivative

ahA +V(B’ x)
ox

is monotonically decreasing in the interval Mz ,<x<Mj,,.
Let e=ey=(d() . Let 7€(0, 1o

cified later as a sufficiently small positive absolute constant. Let {{} denote the
Jractional part of the real number &, ie., &=[¢]+{¢)

For any B¢[0,2n), write V(B)=V,(B)={vcR®: [v|=1 and one can find
positive integers k=k(8,v), I=I1(8,v) such that .

. The pafameter 7 will be spe-

1 2y J2\1/3 e T
(3.15) T = (2+1)1* = Ser and furthermore,
(3.16) M&2+ P2 Mz | = 3n and g = {(K*+PV2MF.} = 24).

For any B¢[0,27) and veV(B), let k,(B,v) and [,(B,v) denote integers
k and [ satisfying relations (3.15) and (3.16). Moreover, let mg (3, v) and mg (8, v)
be integers satisfying

(3.17) |(k3(B, V) + B (B, V) - M5, —m5 (B, V)| = 39 and
(3.18) n = (k3(B, )+ BB, V)2 M} —m (B, V) = 2n.
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Let P(k,)=2n-(K*+®Y* and Pk, ly)=2n(k3(B, v)+13(B, v))®. By
(3.12) and (3.14) we have

2n

(3.19) [ [P, (dxde=
R?

1]

E E P(k,D+1/N 2x
=¢-N-3> [ [ [ H,()dvdpds=

k=1l=l p y—1N 0 |[vf=1

MY
2x Plkolg) +1/N { B,¥ Sin (xs) 3hA+v(ﬁ9 x)

2
) dx] dsdvdp.

= 08 * N3 ¢
0 V() Pkl —1N M
In the rest of the proof we shall give a lower bound to the right-hand side

of (3.19).
Let B€[0,2n) and véR?Y, [vl=1 be arbitrary but fixed. For notational con-
venience, write M~ =Mj,, M*=M},, ko—ku(ﬂ, V), h=hL(B,v), Plky, )=
—21!([( (ﬁ, V)+l§(ﬁ, \) )1/2 mo _mo (ﬁ’ V), mo =my, (ﬂ V) and h(x) h4+v(ﬁ$ x)

Let se[P(ko, 1) —-117, P(k,, Io)+%]—]. Then by (3.17) we have

(3.20) s M~ =2amg| =
= s M~ —P(ky, l)) - M~ +|P(ky, )M~ —2mmg | = LAI%:-+21r-3q.

Since the inscribed circle of A is centered at the origin 06R?, we have |M~|=|Mj ,|=
=|M o +e(B)-v|=d(4)+1. Thus by (3.20),

3.21) s M~ —2amy| = 67tf1+—dL—)-+—l- < 20y provided
3.22) N= "—(ALF.
Similarly, by (3.18),

(323) O0O<2man—n=s5-M*—2ami = d4np+n < 149 provided (3.22) holds.

Let 0<y<4J be real numbers with

(3.24) ——<y<5<—-—;—

(the exact values of y and J will be specified later). We define a partition [M~, M*]=
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7 .
= |J I; as follows. Let
Jj=1
L=5L{Bv)=[M", M +7y)
Iy = L(B,v) = [M~ +v, M~ +6)

ol

=L(B,v,5) = | M~ +4, 2n-
L

1
(’"o’ +3) x
L= L(Bv,9) = [2n-————, M~ +—+3
L

15.= Iﬁ(ﬂ: v, S) LM—+ +5 2 (mos )]

[ = +
Io= 1% 5) = [2n- LD, 2,,.2’5_]

m+
I =L(B,v,s) = (Zn-f;'—, M*].

From (3.21), (3.23) and (3.24) it follows that

my - m 3 M- RS
(3.25) 27_: —+2 <M +?<2n-T+2y, M- +6 <2 r +2s an§
(3.26) length (I,) < 231

Note that I; is well defined, since by (3.15), (3.17) and (3.18), mg —mgy =(k3+15)*/* X
18 -2r(A)—5n§(d(A))1/‘°°-§%-—1%2 if 1(4) is sufficiently
(t]

XM*—-M")-5y= 10
large. By (3.19) we have

2

(3.27) f R[ F2, (x)dxdr =

0

2
x] dsdvdp.

2z P(ky, I +1/N 7 .
- o NS 0 [2 fsm(xs)-alf(x)d

¢V Phul-UN =l s ox
Since the partial derivative
Oh(x) _ Olyri(B.)
0x ox
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is monotonically decreasing in the interval M~ =Mj ,<x<M* =M} ,, we have

- mi—1 2x(r+1)s) .
(3.28) fsm ixs) ) Bl‘;Sc) = S sin s(xs) . (')gfcx) dx =
Iy n=mg +1 2n(nfs)
, oh (x+ -E)
mg —1 2n((n+1/2)[s) sin (xs) oh (x) S
= Z . a - a dx = 0.
n=mg +1  2a(nfs) s X X
Similarly,
oh (x + -E]
. sin (xs) Oh(x) sin (xs) oh(x) s
62 W}f St dx = f y S ldx = 0,
Let ,
a, if > 0 a, if a<?O0
'““‘{o if a=o and l"l"={o, if a=o.
Then by (3.27)—(3.29) we have
2n
(3.30) [ [Pt (®dxdr=
0 Rz
2 Plkg 1) +1/N . +12
= c. N3 ( A A )dsdvdﬁ.
* 8 V@) Plhgly-UyN =LZAT 1;[ s ox

4. Proof of Theorem 2.1—Part 2

The second part of the proof is based on the following two lemmas (we use
the same notation as in Section 3).
Lemma 4.1, If 7 OO —_—=pz=2. (d(A))"10 * and u(A) is larger than an “‘ineffective”
absolute constant, then u(V(B)=p(V,(B))=n uniformly for all ﬂE[O 2n).

The second one is a purely geometric lemma. . .
Given a convex region B, an angle f¢[0, 2r) and a real number y=0, write

fu(ﬁ,J’) = hB+v(ﬂ: Mﬂ—,v'*'y) Where
M, = Mj (B) = inf {x€R: hy.,(B, x) = O}.
Observe that the right-hand side term in (4.1) is independent of the value of vER2

Lemma 4.2, There are (*‘effective”) positive absolute constants ¢y, ¢35 and ¢y
such that for any convex region B with r(B)=c,,

@4.1)

co-dB) = [ (falf, DY B = cu-d(B).
[}
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We postpone the proofs to Sections 5—7,
Next we state three corollaries of Lemma 4.2.

Lemma 4.2A. Let A be a convex region with r(d)=—. If O<y= the

9.¢q

o p-dd) = of (Ja(B, M) 3B = ey -y -d(A).
Proof. Let B=§,—A={}l—x: xEA} Then r(B)=— r(A)2=9 <cg- —;—-c, Thus by
Lemma 4.2 we have cm-d(B)zj (=8, P dﬁzcu-d(B). Since d(B)'__jv-'d(A)
and f,(8, 1)=—1- £4(8,5), Lemma 4.2A follows. [

Let Q(»)=2(4, »={Bc[0, 2n): f4(B,»)= max f,(8, x)}.

0=x=y
Lemma 4.2B. Let 4 be a convex region with (rA)z-}-. If 0<y§—~£1-—-,
9 18'09'(:10
then
i (e
[ a0 = g8y aa),
o)
€11 1

Proof, Let z=2.—~ 6’11 -y. We have z=2.— Cu Woaon oo Thus by

Lemma 4.2A,

2x 2n
@2 [ (faB 2P dB = cu-z-d(4) = 20107y d( ) =2 [ (fu(B, 1)) dB.

We need the following two consequences of the convexity of 4:

“3) faB. D S L(B,y) forall ER() = [0, 20N00),
44) falB,y) = Lfa(,2) forall [0, 2n).

Combining (4.2) and (4.3), we obtain that

@.5) [UaB = [ (fulB D dB~ [(fulB P df =
200 0 &)
2n
= [ (fuB 2P dB— [(fu(B.y)) =
[ {¢y)

= [ (uB.2F B [ (faBI)dB= 3 [ (fulb ) dp.
[} 0 ]
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Now from (4.4), (4.5) and Lemma 4.2A it follows that

[ (a8, ap = f ({—f,a(ﬁ, z))’ d =

20)

[ ) f(fd(ﬁ, 2)Pdf= _-( ]a .j' (fu(B, D)) dB =

2y

= % '('}z‘i] *Ciy2- d(A) 1 "'(-CI—I)""°_}’ d(A)

This completes the proof of Lemma 4.2B. }

Lemma 4.2C, Let 4 be a convex region with r(A)z<. If 0<y=min {; 9.c 1 }

then
2n

[ (max fu(, %)) 4 = 4cyo-y - d(4).
J sl

Proof. We recall: Dy=M{,—Mj,,. From the convexity of 4 it follows that for
any real numbers O0=sx= y§~9—§r(A),

1
fuBy) _ Da=y _ Dp—r(4) T _ 1
fd(ﬁ:x)— Dﬁ—x - Dﬂ - Dp 2'

Thus, by Lemma 4.2A we conclude that

f (max f4(8, %)) dB = j (2f4(B,»)) 4B = 4-c1y-y - d(4),

0=x=sy

and Lemma 4.2C follows. [

We return to Lemma 4.1. Since n will be fixed as a small positive absolute
constant, by Lemma 4.1 we have for all $€[0, 2x),

(4.6) rz=pVP)=n

provided u{4) is sufficiently large.

We recall: the real parameter & satisfies inequality (3.24) (the exact
value of & will be specified later). For j=1,2,3, ..., write Q,(0)=Q,(4,d)=
={feQ(4, 8): 2 -n=>p(V(B))=2/~*-n}. By (46), we have

@7 e®= U 20

15 j=cqe-log(l/n)
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We recall (3.15) and (3.24): 0<y<6<7s- where s€ [P(k,,, l)——=— P(ko, I+

+.]1v ’ P(ko, lo) 27[ (kg(ﬁ V)+12(ﬁ, v))1/2 <(k‘2’(ﬂ v)-*—]&(ﬂ v))llzs._l_ and
&o=(d(A4))~ /"%, Hence

. 1 1 K4t }
4.8) O<y<b=< bémln{g 9.¢,” 18.¢y-Cro

provided p(4) is sufficiently large. Thus by Lemma 4.2B,

“9) [0 a8 = 1 5. a0,

2(3)

From (4.7) and (4.9) it follows that for some ve[l, 02~ log (%)] ,

4.10) [ (f4(B, 8 dp = (en)’ ——.5-d(4).
245 4-c¢5-log (?) * C1p

Now we return to (3.30).
Let

sin (x - s) ah(x)

s Tox

Pky lp)+ 1IN
4.11) Z# = (

) dsdvdp,

2(3) V(B Plley, I9—1IN
Pl 1) +1/N (

Iy

@12 zZr=

oG x—)gd'sdvdﬁ

1,

2.8) V(8) Plkg,19~1IN

and for j=1,7 let
Pg.Ip)+1/N [

f sin(x-5)  9h(x) dx]2 dsdvdp.

@.13) Z; = - o

2,08) V() Pl l)—~1N I

Using the elementary inequality (x, y real numbers) (|x +y|+)2_%—;-(lxl+)2 -

—(I »I7)%, we have (ay, a,, a,, a; real numbers)

@1 (ata+actalP =5 (a+alty—(atel ) =
= 2 (% G~ (ad )~ (o +la? =

= (2~ 5 () — 2(a) ~ 2(a)"
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Combining (3.30), (4.11)—(4.14) it follows that

(@.15) f J Eoro)dxde=
Plko, 1) +1/N 1 . \?
= ¢y N® ( A 2 dx ) dsdvdf =
2.5) VB) Plegl)=1IN j=1,2,4,7 ,Jf ) Ox
1 1
= cs.Na(zzg - 7Z; —221—227]'

We are going to estimate the terms Z3, Z;, Z, and Z,. First we give a lower
—M- h
bound to ZF. By (4.1) we have for any B€Q(d), U8, gx ) = Ba(;c) =
whenever M~ =x=M— + 4, therefore, by (3.25),

(4.16) fsin (x-5) Oh(x) dx+ _ Mf+ sin(x - 5) 3h(x)d

s . ox s ox

I, M-+y

dx = dx =

sin [V%) M7+ 9 (x)
22

1 Mf'” Oh(x)
2 ox

> 1 1 . .
= (M—+nggM-+a sin (x s)) S o ox

. 5 . s
sin (y . -5-] sin (‘)’ . ?)
N

= ——= (MM~ +8)~h(M~+7)) =

M-+y

(f4(B, )~ f4(B,y) = 0.
Thus, by (4.11) and (4.16),

2
Plko,Io)+1/N | SIN [Y%)
@17 Zf = ————| (fa(B. 5)—fu(B, v)}} dsdvdp.

2.(8) V() Plkg 1) -1/N

v

Using (4.8) and the trivial inequalities sin x%%x [Oéxé—g-] and (x—y)*

é%x“’——y2 (x=0, y=0), by (4.17) we have

7Y Plky, I +1/N
ww z=(2] (falh, )~ fa(B 1) dsdvdp =

2,(3) V() Plkg,Ip)—1IN

=(l]2 (ﬂen(a)”(V(ﬂ))) N ( f (fu(B> &) —Fu(B, 7))* dB) dsdv =

s

2.},_2. _— 2 — 2
= 15+ (min, sV )5 (znvé)(n(ﬂ,a)) ap=_ [ (a6 ) af)-
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By (4.8) and Lemma 4.2A we have (provided p(4) is sufficiently large).

2x
(4.19) ) f)(fd(ﬁ, PEdB= [ (fa(BiP))FdB = ey -d(A).
(0 0

Suppose that

@20 y = (en)

16-¢45- 108( ) - (€10)?
Then from (4.10), (4.18) and (4.19) it follows that

2 2
Z+ (2\, -1 11) 2 (cll)
8-¢yp- log( ]Cm

10 5'd(A)—clo..Y'd(A) )

that is, by (4.20) we conclude that (provided u(A4) is sufficiently large)
1 ps.d)

log [L] N
n

Next we give an upper bound to Z;. By (3.25),

4.21) ZF = 342"

I=

M-+ Z +6) [2nv'”° n My 3"]

to )

Thus, by (4.1) and (4.12) we have

Pk, 19)+1/N . e +.2
4.22) zZ; = [ sin (x Ss . 3’5;") dx ) dsdvdf =
Q,(5) V(B) Plkg, I~1/N I,
Pko 1) +1/N i ' 1 + 2
= ((216511255m (x-s— n))»-?) (!f ‘ ] dsdvdf =

2,(3) V() Pk, 1)—1IN

=

Flalo 1N [ Sin(M= -5+6 -5 —2nmg’) )2 «

2,00 V(5) Pk, 11N s

ny +‘2— " Pl lo) +1/N 2=\t
X |(max ) ~h | 2m - — dsavdp= [ [ f »[M‘+6— = ] X

2,0V Pck., )~ 1m

mg +-—
X |( max - f4(B,9))~Sfu|B 27" = —M- dsdvap

yEI, M’

1
where I;—M~'=|2r— p

—-M-, %+6] i5 the translate of the interval I,
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mg +—
Let u=2n-———s——M‘ and v=;+5. Clearly [u,)=L;—M~. From

the convexity of A it follows that max fy(B, y)é-—:-- fu(B, u). Hence

v—-u .
(4.23) (max 74(8, V) —faB, w) = ——fu(B, u).
We recall (3.21) and (3.24):
T
4 _ =——20n
4.24) IM-—zn--"i;“— <3(S’—'7 and ig—"<,,<5<_?'T_,
thus we have
(4.25) u_u=5+M—-zn.TSi<a+3‘;’1<za,
T e m_20m
(4.26) R e L
and so by (4.25) and (4.26),
4.27) o-u 25 _ 48
u I =
2s K

We recall: se[P(ko,lo)—Kl;, P(k0;10)+-§,-], —Si:;-éP(ko,lo)é%g— and  gy=
=(d(4))~ 1%, Hence

428) Zys——s————sZs— L — =T =6,
‘5;::'1*1 P(kmlo)"‘w P(kOaIO)_']_v' '5;;—1

Now, by (4.24), (4.26)—(4.28) we obtain that

(4.29) bou 4 M B d

(4.30) wEpsu<o=215< =%,
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From the convexity of A and relation (4.30) it follows that

@31 JaByu) = — fA(ﬁa &) = — fA(Ba g0) = 9-fa(B, 20)-

We return to (4.22). By (4.23), (4.25), (4.29) and (4.31) we have

Plko I} +1/N

@) Zi= [ [ [ (-wr-(max £u(By)~fu(8 w)rdsdvdp =

2,(0) V(B) Plky, I -1/ u=y=v

Pl lo)+1IN

=[] ] (26)2-[—%‘:—) -(9-f4 (B, &) dsdvdp =

02,(5) V(B) Pk, 1g)—1IN

5t Pk, I +1/N

=as—5 [ [ [ (fa(B e))rdsdvdp.

& o (8 V{8) Py, 1)—1/N

We recall:

(4.33) u(V(p)) < 2*-n forall peQ,(5).

Moreover, by (4.8) and (4.30), eoé%é-g—lz—, and so by Lemma 4.2A we have,
*tg

(4.34) [ (fa(B: e0))*dB = f (fa(B, e0))* dB = €10~ 8- d(4),

2,0)

provided p(A) is sufficiently large. Therefore, by (4.32)—(4.34) we have

& 2
(4.35) Zisou g @) [ (faba)df =
o 2,0)
G 2 5 d(d
= cur g @) et d() = o2 S

provided p(4) is sufficiently large.
Finally, we give upper bounds to Z; and Z,. By (4.24) we have

m ( sin (x - 5) ) = (sin(y-s—l—ZOn)] = [y-s+20r1] _
M-=s=xsM~+7y Ry 5 R )
oy _(2,)
[ + J< 2]
Hence by (4.13),
P(kg, lo)+1/N 3 2 M= 4y ah(x) 2
(4.36) zZ, = N é) ] (me {) o (ET] [Mf o dx] dsdvdp.
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We clearly have
TP T e A
:[“ 3’;5‘) dx =, max  h(x)= max f.(5,y) and
:[ ’ o = .m0 = 2ax (8, ).

Thus, returning to (4.36) we have

Pk, lo)+1/N 3 2
4.37) z,= [ f [7;;] -(2max f4(8, »))2dsdvap.

2,0 Vi) Ply, 1 —1N o=y=y

We recall:
(4.38) u(V(ﬁ)) < 2'.p forall fe,(9).

Moreover, by (4.8) we have
1 1 , . . .
y < min 9 Too provided u(A) is sufficiently large.

Hence Lemma 4.2C yields (provided u(A) is sufficiently large)
P14
439) [ (max fuB.»)Pdp= [ (max fu(B,»))df = 4-cyo-y-d(4).
a9 == ¢ o=ysy
Therefore, by (4.37)—(4.38) we have (provided u(4) is sufficiently large)

(@40) zlé(zv.,,)-%( ) ¢ max 169 a8

Osysy

= (2"-11)-i }_ (16 ¢c10-7-d(A) = €15-2" 11+ 9°- d(A)
N

Next, by (3.24) and (3.26) we have length(l;)=

+
o e BY) 147 _ 40y
5 A N

(4.41) gl;}f(sm (x:3) )2 = [Sin YaL) )2 =

M N

B,y

y. Hence
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Moreover, we clearly have

_rleh(x) _ oh(x)|- oh(x)[* ...
(4.42) f ax |0 = “,[ ’—a“x“‘ o | o
(4.43) ah(x) = maxh(x) = max fu(f+m) and
(4.44) 1{' "”;(;’ dx = maxh(x) = max fu(B+my).

Therefore, by (4.13), (4.41)—(4.44) we obtain that

Pkg, lo)+1/N
(4.45) z,=s [ [ f ?2_'(! Qiéix)

2,0) V(B) Plho: I — 1IN

2
dx] dsdvdf =

Py, 1) +1/N

= [ [ [ - Qma fu(+n, 1) dsdvdp.

2,3 VIB) Plio, 1—1IN o=y=y
We recall:
(4.46) p(VB) <2'-n forall BeQ,().

9 91 } prov1ded u(4) is sufficiently large.
Hence Lemma 4.2C yields (provided u(4) is suﬂiaently Iarge)

Moreover, by (4.8) we have y<mm{1

) 2r .
(4.47) f (orgag f4(B+m, y)) dﬁ = f (oma;c Su(B+m, P df =4-cyp-y-d(4).
2, =y=Y ° =y=y
Therefore, by (4.45)—(4.47) we have (provided u(A) is sufficiently large)

.48) Z, =@ # ] G LB rn)ap =

=
a, O=y=

2 ; d(4
< @) (16 oy -d(A) = ey 2oy L)

Now we return to (4.15). From (3:22), (4.20), 4. 21), (4.35), (4:40) and (4.48)
it follows that

@49 [(Foo®)dxdr=c-N° [-} zZ} _';_- Zy —2Z,— 227] =
0 R?

. z. » 4
= ¢+ N*-d(4)-2" 9 c1‘3 ‘)’. 15 _655 2 =265+ 2617+ 7°
4log(-'7] ‘ %
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a1 (e

= : -6 and up(d)=cl (cf is an
16-s-Tog () - c®

provided N=

“ineffective” constant).
Let y=n"?.g and d=n%-¢g (we recall: g=(d(4))~0/"™). A little cal-

culation shows that if # is sufficiently small, say O<#=c;y, then inequalities
(3.24) and (4.20) are satisfied; and we also have,

ci3+y?: 8 €506

1 2
4.1o [—] 0
& n

C13-‘y2-5 =&3_._____'7 '(lio)3

= 1 8 i
8:.lo (—] lo (—)
EG e

Choosing n=c;y, by (4.49) and (4.50) we obtain that

4
(4.50) —2¢15:9°=2¢;- 9 =

11/6

(4.51) jﬂ [ (Fo®)?dxde = cg- N*-d(4)-2" -1 %-—’ﬂl—:--(eo)a =
°F log (a‘]

=y N2 d(A) + (20)* = g9+ N?- (d( )P0

provided pu(d)=cs and N= d(A})1+l = d(’:)"'l . Note that the hypothesis
19
n=cy=2-(d(4))~"° of Lemma 4.1 is also satisfied if p(A4)=cy.
Now we are ready to complete the proof of Theorem 2.1. From formulas
(2.2) and (2.3) immediately follows that |g(z4, X, &)—u(4)|=(d(4))*. Therefore,
by (3.3), (3.4) and (4.51) we have with M= [N +-;—-—d(A)] (integral part),

2r

(4.52) [ [ (sCca, %, &)~ ()P dxdr =
0 [—-MM]

= [ [(Fou®) dxdo—cy-(N-d(4))- (@d(A) =
0 R?

= Cyo+ N2 (d(A))P" " — Cyy - N - (d(A))".

Let N=cz-(d(4))’. If ¢y is sufficiently large then N= d(A'),-i_l = d(4)+1

C1p
and

4.53)  cpoe N2+ (d(A)"M® —cpy- N-(d(A)) = -‘—;1 - N2 (d(A))1no0
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By (4.52) and 4.53) we conclude that (we recall: #2=[0, 1)?)

2n

(4.59) @My - [ [(ged,y, e)—u(A)y dyde =

2r

=[ [ (eG4,x 6)—p))dxdr =

0 [—M,MJ
= _";_0 - N2 (d(A))10 > _Csﬂ QM2 - (d(A))T.

C20
16x
from (4.54). It remains to prove Lemmas 4.1—4.2.

Choosing c,=max {cj3, c5;} and ¢;= , Theorem 2.1 immediately follows

5. Proof of Lemma 4.1

Let p,=35, p.=13, p,=17, ..., p; be the first =300 primes in the arithmetic
progression 4j+1, j=1,2,3,.... By a well known theorem of A. S. Besicovitch
[1] the real algebraic numbers 1, Vp, , V;;, Vps»....Vpn are linearly -independent
over the rationals. Thus we can apply Schmidt’s theorem mentioned at the end of
Section 1. Choosing ¢=2, from (1.1) it follows that

6y la-V2i-lla- V7d-la- Vod] = 5

for all integers g=g,. Note that g, is an “‘ineffective” threshold constant — we can
suppose that g, is an integer.

Let B€[0, 2n) be arbitrary but fixed. We shall show that there are integets
k=k(f) and I=I(f) such that ‘

L 2y pye < L 2 2
(5.2) o =+ = = and Dy (PP = 1.

(We recall: Dy=M} ,—Mj,.) From a classical theorem of Dirichlet it follows

that there exist positive integers n,= =

1
, M= —, M= =, ...,
10g, ' 10e,Vpy : 106, VP,

=-——— such that
108, V pn

(5.3) e Dyll = 108y, |

n1 'Dp . VE’:“ é 1080 VE, sasy ”n,, ‘Dﬂ . ﬁ;“ §" 1080 VE
Let n=max {ny, n, ny, ..., n,}. We are going to give a lower bound to n. Let

ny-Dg=n*-+0 where n* is an integer and |0]=10g,. Since no-DpéDﬁglr(A)é%
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and g,=(d(4))~ 1, it follows that n,- Dp_é >10g, if p(A) is sufficiently large.

h
Hence, n*=1 if u(A) is sufficiently large. Let Q=n*. ( T n,-] <qo. We have
a1
(1=j=h)
[ —
QVITJ = (nO'Dﬂ"g)'(_Eni)'qo’ij =
h h —_—
= (gn,-)-qo-(n,-D,-Vp_j)—H-(ign,-)-qo-ij, and so by (5.3),
#J

— h — h
”Q’Vl’j“ = (ig; ni)‘%' “nj'Dﬂ’ij”'*'lOED’(ig nt)'Qo'VP— =
%}

= Cyy o1y &

Hence
h
(54 j-'-*IIl HQ . VlTj“ = (Coa 1"+ G- 80)" = €5 gl - 1"+ (d(A))-h/mo-
On the other hand, since Q=gq,, by (5.1) and 5.4) we have
(5.5) Cos - g 1 - (d(A)) 1 = @12-.

Using the inequality d(4) —_>—2r(A)§%-, we have

h
(56) Q = (no .Dﬁ+lal).(jl=-]1 nj)'qo = n”+1-qo-d(A)+ 1080'?1'"q0 =

= n'*t.gy-d(A)+ 10 (d(A))~ 1 0" . gy = Coq- gy W - d(A).
Combining (5.5) and (5.6) we obtain that
(d(A))h-—200/100

(5.7 R = oy A
do

If 4(A) is sufficiently large depending on the value of the threshold constant g,
then by (5.7) we have (noting that A=300)

(5.8) n = max {ny, ny, ..., n} = (d(A))°".

Let n;=n=max {n,, ny, ..., m;}. Then by (5.3) (let p,=1)

(5.9) ||n; D Vo)l = 1066 Vp;.
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Let
1
Se, .
t= —| (integral part).
n;Vp;
By (5.8) and (5.9) we have
‘ 1
(5.10) lt-n;- Vi - Dyl| = - 108, ¥Vp; = V 108, Vp; =
P;
= __2_ = £< Z(d(A))—m -5 =7
By
(in the last step we used the hypothesis of Lemma 4.1). Moreover, using the upper
bound nj—-——T_—, we have
10. €o ij

1

i — 1 1 1
G1y o= renie - (nl/ ")"””’f—se 106 = Tm

Since the prime number p; satisfies the congruence relation p;j=1(mod4), bya
classical theorem of Fermat we obtain the following representation of p;:

pyp=a ®4+b% a,b integers.

Choosing k=t-n;-a and [=t-n;-b, (5.2) follows from (5.10) and (5.11).
Now we are ready to complete the proof of Lemma 4.1. Let k,=k,(f) and

L=UL(B) denote integers satisfying (5.2). We have Mz ,=Mjo+v-e(B) where
e(B)=(cos B, sin B). Therefore, a little calculation gives that

(5.12) p{veR®: v =1 and 5= {(+5-M;.)} =2} =>n.
Since Dg=M4,,—Mj ,, from (5.2) it follows that
(5.13) {véR*: v| =1 and n={K+DV M} =)=
= {veR®%: |v| = Lys= {(k%—!-l;z)l/z-M;’,,} =27 and
|5+ B - M) = 30} S V().
Lemma 4.1 immediately follows from (5.12) and (5.13). |}

It remains to prove Lemma 4.2. The forthcoming Part II of this paper wil
contain the long and technical proof of Lemma 4.2.
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